Abstract The paper presents two analytical solutions namely for Fanning friction factor and for Nusselt number of fully developed laminar fluid flow in straight mini channels with rectangular cross-section. This type of channels is common in mini-and microchannel heat exchangers. Analytical formulae, both for velocity and temperature profiles, were obtained in the explicit form of two terms. The first term is an asymptotic solution of laminar flow between parallel plates. The second one is a rapidly convergent series. This series becomes zero as the cross-section aspect ratio goes to infinity. This clear mathematical form is also inherited by the formulae for friction factor and Nusselt number. As the boundary conditions for velocity and temperature profiles no-slip and peripherally constant temperature with axially constant heat flux were assumed (H1 type). The velocity profile is assumed to be independent of the temperature profile. The assumption of constant temperature at the channel's perimeter is related to the asymptotic case of channel's wall thermal resistance: infinite in the axial direction and zero in the peripheral one. It represents typical conditions in a minichannel heat exchanger made of metal.
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Introduction
Minichannel heat exchangers with laminar fluid flows are suitable for small scale organic Rankine cycle (ORC) and other applications like electronic equipment. One of the task which may help the design of minichannel heat
Brought to you by | provisional account Unauthenticated Download Date | 4/12/15 10:06 AM exchangers is to find the analytical form of laminar fluid flow velocity and temperature profiles in a rectangular minichannel, Fanning friction factor and Nusselt number. It can be further applied in an analytical model of heat transfer in minichannel heat exchanger. Rectangular cross-section of minichannels is typical in this type of heat exchangers. The analytical solutions also help in testing numerical algorithms as the reference solutions. Both analytical and approximate formulae for velocity and temperature profiles, Fanning friction factor and Nusselt number exist in the literature (for example in [1] ). However, these analytical solutions consist of double series or single series of not very fast convergence.
In the paper the analytical formulae for these quantities are presented. The solutions consist of two parts: the asymptotic solution of laminar flow between parallel plates and the rapidly convergent single series. This series becomes zero as the cross-section aspect ration goes to infinity. The numerical results are compared with the results of the utilized existing formulae.
The main goal in this paper is to obtain the fast convergent formula for Nusselt number. However, since it needs derivation of the fluid velocity profile, the formula for Fanning friction factor is also derived.
General information about minichannel heat exchanger
A minichannel heat exchanger consists of many double layers of rectangular channels in which hot and cold fluids flow. Schematic view of the minichannel heat exchanger and channel's geometry is shown in Fig. 1 . The channel's cross-section is described by x and y coordinates (Fig. 2) . The z coordinate is an axis of the channel. Total heat flow rate in the minichannel heat exchanger is given by the general formulaQ = kA∆T .
If thermal resistance of channel walls is negligible, overall heat transfer coefficient is given by
Heat transfer coefficient α of the fluid flow can be calculated from the definition of the Nusselt number
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Channel's geometry is described by its cross-section aspect ratio
For square cross-section K = 1, whereas for infinite wide plates K → ∞. It is assumed that hydraulic and thermal equivalent channel diameters are the same and are given by
where
There are two extreme cases of the equivalent diameter (for square duct and for infinite wide plates):
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where mean wall shear stress,τ s , and the wall surface element, dA, are given byτ
The sum of dF 1 and dF 2 is equal zero for a steady state flow:
Use of (9), (11) and the definition of d h (6) gives
Fanning friction factor, f , is defined by the formula for mean wall shear stressτ
where the mean flow velocity is defined bȳ
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Use of Reynolds number
gives the formula for the Fanning friction factor
The above general derivation independent of the cross-section shape is based on the same momentum balance as described in [2] where circular ducts are considered. Calculation of f demands the knowledge of fluid flow mean velocity,v. For fully developed steady state incompressible laminar flow, the velocity profile, v(x, y), is a solution of the Poisson equation
with the Dirichlet boundary condition
Equation (17) was derived from Navier-Stokes equation under the assumption of constant physical fluid properties. This means velocity profile is independent of the temperature one. The solution of this nonuniform linear partial differential equation is a sum of two terms:
• particular solution of Poisson equation (in the form of simple expression) with the boundary condition for parallel plates,
• general solution of Laplace equation (in the form of cosine Fourier series) with the boundary condition equal to the difference between the condition (18) and the condition of the first term.
Velocity profile, v(x, y), is then given by v(x, y) = 1 µ dp dz
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The Fourier series in (19) is convergent since the first term (−1) n /u 3 n is absolute convergent, the second one is bounded and less or equal to 1 for −a/2 ≤ x ≤ a/2, the third (cosine) term is always bounded.
Mean velocity is calculated by double integration
which gives the result v = − 1 µ dp dz
Combination of (16) and (22) gives the final formula for the Fanning friction factor
The series appearing in (23) is rapidly convergent. In practice, for 1 ≤ K ≤ 20 achievement of the relative accuracy 10 −6 demands use of maximum 9 first values.
Derivation of the temperature profile and Nusselt number
It is assumed that wall temperature T w = const at the perimeter. Heat flow dQ leaving a fluid element (Fig. 4) is equal to
where the mean fluid temperature is given bȳ
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Combination of (24) and (26) gives
Use of the definition of d h (6) and the equation for mass flow ratė
gives
Combination of (6) and (29) gives the formula for Nusselt number
The above general derivation, independent of the cross-section shape, is based on the same energy balance as described in [2] where circular ducts are considered. Calculation of Nu number demands knowledge of fluid flow mean temperature,T , (25). For fully developed steady state incompressible laminar flow, without internal heat sources and energy dissipation, the temperature profile, T (x, y), is a solution of the Poisson equation
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Equation (31) was derived from Fourier-Kirchhoff equation under assumption of constant axial wall heat flux,q w , (along z axis) with uniform peripheral wall temperature T w . This means wall thermal resistance is infinite in the axial direction and zero in the peripheral direction. This type of condition is known in the literature as H1 type, according to [1] . Constant physical fluid properties are also assumed as well as the lack of fluid axial heat conduction. The solution of Eq. (31) was obtained by use of the finite Fourier transform with the same orthogonal set of functions as in the solution for velocity profile (19). This way, the temperature profile is a sum of two terms (simple expression and cosine Fourier series):
T (x, y) = T w + ρc p λ dT dz 1 µ dp dz 1 8
The series in (33) is convergent for the same reason as the series in (19). The absolute value of the term with hyperbolic tangent increases approximately linearly for −a/2 ≤x≤a/2 as n increases while the first term is inversely proportional to the 5th power of n. Mean temperature is calculated by double integration
which givesT
1 µ dp dz
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Combination of (22), (30), (35) gives the final formula for Nusselt number Nu = 140 17
.
(37) The solution for Nusselt number of fully developed laminar flow depends only on the wall heat transfer boundary condition (here H1) and the channel geometry represented by K [3] . Both series in (37) are rapidly convergent. In practice, for 1 ≤ K ≤ 20 achievement of the relative accuracy 10 −6 demands use of maximum 9 and 3, respectively, first values of the series in the numerator and the denominator.
Comparison of the results
Calculation results both of Fanning friction factor (23) and Nusselt number (37) were compared to the results of the approximate formulae from [1] (also discussed in [3] [4] [5] ). The calculation using the derived exact formulae was performed by the computer program written in Object Pascal (Delphi 7 Environment).This program was used to calculate f , Nu, temperature profiles and heat transfer in minichannel heat exchangers.
The approximate formula for Fanning friction factor has the form [1] f Re = 24 1 − 1.
The results of numerical calculation of f using (23), (38) are shown in Tab. 1. For comparison with circular channels, the value of the aspect ratio for f Re = 16 is also calculated. Figure 5 shows the impact of the aspect ratio on the Fanning friction factor. The value of f would be overestimated by 12% and underestimated by 33% respectively. The approximate formula for Nusselt number [1] has the form
The results of numerical calculation of N u using (37), (40) are shown in Tab. 2. For comparison with circular channels, the value of aspect ratio for Nu = 48/11 = 4.363636 is also calculated. Figure 6 shows the impact of the aspect ratio on the Nusselt number.
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The value of Nu would be overestimated by 21% and underestimated by 47% respectively. An example of temperature profiles simulation generated by this program is shown in Fig. 7 
Conclusions
• The exact analytical formulae in mathematically usable form for Fanning friction factor and Nusselt number were derived.
• The formula for Nusselt number contains single fast convergent infinite series instead of double series known from the literature.
• The results of obtained exact solutions and widely used approximate formulae in the literature are in very good agreement. This enables a possible use of the exact formulae instead of the approximate ones.
• Analytical form of velocity and temperature profiles allows their further adaptation to create the complete analytical model of heat transfer in minichannel heat exchangers.
